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We present a classification of the massless chiral matter representations that can arise locally in
M-theory on G2 through geometrically engineered singularities. We will find that several of the
more exceptional singularities could have applications for model building.
I. INTRODUCTION
Any phenomenologically viable string vacuum
must have non-abelian gauge symmetries with mass-
less charged matter. These features are of course
manifest in heterotic string models, and can be read-
ily built into type II string theory by the addi-
tion of D-branes and orientifold planes. Both of
these frameworks have duals in M-theory where non-
abelian gauge symmetries and massless charged mat-
ter arise through geometrically-engineered singular-
ities within the compactification manifold.
The local geometric structures giving rise to
massless matter in M-theory, resolutions of ADE-
orbifolds, are well understood and are themselves
trivially classifiable. However, there has been some
uncertainty in the literature about which matter
representations result from the more exceptional of
these singularities [1]. We will revisit the argument
given by Acharya and Witten in [2], and resolve any
potential ambiguities.
An explicit tabulation of the representations that
result from each conical singularity is useful not only
because the group theory data required for this goes
beyond that found in standard references (e.g. Slan-
sky’s review [3]), but also because it may lead to new
ideas in string phenomenology.
It may seem that such a classification would have
few implications for phenomenology. Indeed, per-
haps the first phenomenological questions asked of
any string model would be the multiplicity of dif-
ferent matter representations and how disparate
representations are coupled in the superpotential.
These questions are usually understood as topolog-
ical, and therefore particularly problematic in M-
theory where no compact G2-manifold with massless
matter is known concretely—even though many are
expected to exist by duality to string theory.
One way to avoid this problem in M-theory would
be to consider the more exceptional, non-compact
geometries that give rise to multiple massless mat-
ter representations, coupled together in a calcula-
ble way; so long as the matter produced by such
a local patch is anomaly-free, any effects involving
the entire compact manifold may be viewed as sub-
leading—effectively excising our ignorance of quan-
tum gravity from phenomenology. This philosophy
has already led to some very interesting results in
type IIb string theory [4, 5]. The classification of
locally engineerable matter representations in M-
theory gives us a starting point for applying those
ideas here.
To give an idea of the somewhat unusual struc-
ture that can be found in M-theory, consider the
conical singularity ‘E7 → SO10 × SU2’ listed in Ta-
ble II. This geometry gives rise to massless matter
transforming in the representation
(16,2)⊕ (10,1) (1)
of SO10×SU2 gauge theory—two full families of the
Standard Model together with a single pair of Higgs
doublets. Because the matter content is anomaly
free1, it is not unreasonable to consider it by itself
in the manifold; but we would also be free to suppose
that another 16 of SO10 is generated elsewhere in
the manifold. Because of the proximity of the Higgs
fields to two of the families, we would find a vast
hierarchy of yukawa couplings separating these two
from the third generation.
This qualitative discussion of yukawa couplings
can be made very concrete if the grand-unified gauge
groups of these local models are broken through ge-
ometric unfolding as described in [8, 9, 10]. The un-
folded local geometry has the structure necessary to
generate a leading superpotential that is in principle
calculable over its entire moduli space. In this way,
it may be possible to construct a local geometry in
M-theory that includes all three families of the Stan-
dard Model coupled in a phenomenologically viable
way, while still remaining agnostic about quantum
gravity—i.e. the global topology of the compacti-
fication manifold. A complete discussion would go
well beyond the scope of this paper.
This paper is organized as follows. In section II
we review the basic building blocks used to geomet-
rically engineer charged matter in M-theory, and in
section III we present a classification of the repre-
sentations that can arise locally.
1 Every geometry we consider will have a U1-anomaly; but
these U1’s are not necessarily dynamical, and their anoma-
lies can be cancelled by the inflow mechanism [6, 7].
2II. GEOMETRICAL ENGINEERING IN
M-THEORY
In this section we briefly review the geometric
structures giving rise to massless charged matter
in M-theory. This is meant only as a pointillistic
sketch, sufficient to understand the basis for the clas-
sification presented in section III, and to address the
potential ambiguities raised in [1]. The interested
reader should also consult the original papers on ge-
ometrical engineering in M-theory [2, 6, 7, 11, 12],
or the excellent review [13].
A. Basic Building Blocks
Non-abelian gauge symmetry is known to
arise in M-theory through the existence of co-
dimension four ADE-orbifold singularities in the
G2-compactification manifold. These singularities
span three-cycles in the G2, and are named ac-
cording to the gauge group that results from com-
pactification, which can be either SUn(≡ An−1),
SO2n(≡ Dn), or En(≡ En)
2.
Massless charged matter arises locally from co-
dimension seven singularities within the compacti-
fication manifold. In order for matter to be charged
under a particular non-abelian gauge group H , it
must come from a conical singularity that lies along
the singularity H—that is, from an isolated point
along H where the type is singularity is ‘worsened.’
An ADE-orbifold singularity of type H can only
be worsened into one of higher rank, say G; this
happens through the shrinking of an additional two-
cyle that intersects H . As described below, this
means that H must come from the moduli space of
resolutions of a G-type singularity, and so this ge-
ometry is called ‘resolution G → H ’. The group-
theoretic translation of this geometric criterion is
that the resolution G → H exists if and only if the
Dynkin diagram of H can be obtained by removing
one node from that of G. This is a minor point, but
it explains why, for example, there is no resolution
E7 → SU4 × SU4.
It is worth mentioning that because three-cycles
in a seven-manifold do not generically intersect,
multiply-charged matter is highly non-generic in M-
theory. This fact could help make room for se-
questered sectors of supersymmetry breaking, a fea-
ture exploited in [14, 15], and could be a hint that
we should seek a more geometrically unified origin of
the Standard Model’s SU3 × SU2 gauge group, such
as the SU5 construction explored in [16, 17].
2 We assume that the singularities undergo no outer-
automorphisms around the three-cycle. But this point is
moot for the local geometries in which we are interested.
1. ADE-Orbifolds and Their Resolutions
Any rank-n gauge group can be completely bro-
ken to a product of n U1-gauge symmetries through
adjoint Higgs fields. In M-theory, U1-gauge bosons
arise from Kaluza-Klein reduction of the super-
gravity three-form on two-cycles, and so one may
guess that ADE-singularities are resolvable into
a non-singular collection of two-cycles. Because
asymptotically away from the singularity, the met-
ric must continue to respect the orbifold structure of
R
4/ΓADE, the resolutions of ADE-singularities are
known as asymptotically locally Euclidean (ALE)
spaces. They are non-compact hyper-Ka¨hler four-
manifolds.
The smooth ALE spaces that resolve SUn-
singularities are nothing other than the Gibbons-
Hawking gravitational multi-instantons [18].
Hitchin’s construction of these spaces in [19]
naturally suggested the existence of ALE reso-
lutions for any ADE-group, a conjecture that
was proven by Kronheimer in [20]. Kronheimer
achieved this by constructing the ALE resolution
of each ADE-singularity as the Higgs branch of
the vacuum manifold of an N = 2 quiver gauge
theory—the quiver being the Dynkin diagram of
the ADE-group labeled with Dynkin indices. We
will not have need to describe this construction in
any real detail; a good treatment, emphasizing its
use in M-theory, can be found in [13] and [1]; and
the quiver gauge theories involved are thoroughly
analyzed in [21, 22, 23].
A detailed understanding of Kronheimer’s con-
struction is not required to understand the geometry
of these spaces. The resolution of a rank-n ADE-
singularity is found to contain n independent two-
cycles which are ‘physically arranged’ according to
the singularity’s Dynkin diagram. By this we mean
that a basis of two cycles can be chosen so that their
intersection matrix is the negative of the Cartan ma-
trix of the corresponding gauge group [20]—nodes
representing the basis two-cycles, and lines connect-
ing two-cycles that intersect.
The moduli space of these ALE-spaces is very sim-
ple. It can be given completely in terms of the vol-
umes of each of the n two-cycles as measured with
respect to each of the three Ka¨hler forms. Notice
that the three Ka¨hler forms naturally give rise to this
generalized, three-dimensional notion of the volume
of a two-cycle.
2. Conical Enhancements of ADE-Singularities
Consider the moduli space of resolutions of a G-
type singularity of rank-n. As described above, this
space consists of the n three-vectors controlling the
‘volumes’ of each of the n independent two-cycles.
Let t ∈ R3 parameterize the volume of one of the
two-cycles in G, keeping the rest shrunk; and let
3Gˆ(t) denote the partial resolution of G for fixed t.
For t 6= 0 the geometry of Gˆ(t) contains one non-
vanishing two-cycle together with (n − 1)-shrunk
two-cycles arranged according to a subgroupH ⊂ G.
Thus, M-theory on Gˆ(t 6= 0) would give rise to
H × U1 gauge theory.
If we use Gˆ(t) to define a fibration of resolu-
tions of G over R3, the resulting non-compact seven-
manifold would have a co-dimension four singularity
of type H , enhanced to one of type G at the ori-
gin. This is the concrete meaning of the resolution
G→ H .
The physics that results from M-theory compact-
ified on this space can be rigorously studied through
its duality with the heterotic string. We will not
have need to re-tell that story here; an interested
reader should consult [13] and the references therein.
The important lesson is that this duality allows us
to infer the existence of a G2-holonomy metric for
G → H , and to determine the representations of
massless charged matter that arise in M-theory.
B. Massless Chiral Matter in M-Theory
In [2], Acharya and Witten determined the repre-
sentations of massless chiral matter resulting from
M-theory compactified on almost any resolution
G → H by solving the Dirac equation explicitly
in the dual heterotic context. Only a slight refine-
ment of their conclusion will be necessary to extend
it to all resolutions, addressing the questions raised
by Berglund and Brandhuber in [1]. Once this re-
finement is made, we will be able to directly state
the complete classification of engineerable represen-
tations.
In order to highlight where ambiguity arises
for some resolutions in M-theory, let us consider
the analogous problem of geometrically engineering
N = 2 hypermultiplets in type IIa string theory.
As described by Katz and Vafa [11], the localized
massless hypermultiplet resulting from the resolu-
tion G→ H is given by the U1-charged components
of the branching of the adjoint of G into H × U1.
In general, although perhaps not uniquely, we may
write this branching as
Adj(G) = Adj(H)0 ⊕ 10 ⊕R⊕R; (2)
and so the resolution G→ H will give rise to a mass-
less hypermultiplet with components transforming
as R⊕R.
Now, Acharya and Witten’s computation was
specifically done for the case when the representa-
tion R in equation (2) is irreducible. They showed
that the net number of chiral zero modes was one,
meaning that, fixing chirality, either R or R was
a normalizable zero mode, but not both. Notice
that when R is irreducible, this same result follows
heuristically from the fact that M-theory on G→ H
has only N = 1 supersymmetry: the chiral matter
must be one half of the hypermultiplet that would
have resulted in the analogous N = 2 construction,
and there is no confusion about how R ⊕R is de-
composed into chiral components when R is an irre-
ducible representation.
This heuristic argument can be extended to allow
one to unambiguously determine the massless chiral
matter arising in M-theory from G→ H whenever
the representation R appearing in (2) has at most
one complex irreducible component. But often this
is not the case, and so the argument must be refined.
As an example, let us consider the resolution
E7 → SU4 × SU3 × SU2 × U1 discussed in [1]. For
this geometry, the U1-charged part of (2) is given by
(4,3,2)1 ⊕ (6,3,1)−2 ⊕ (4,1,2)3 ⊕ (1,3,1)−4
⊕ (4,3,2)−1 ⊕ (6,3,1)2 ⊕ (4,1,2)−3 ⊕ (1,3,1)4.
(3)
There are eight inequivalent ways to write this as a
representation plus its conjugate: writing rq for the
component of (3) with U1-charge q, and choosing
to associate r+1 with R rather than R, the choices
correspond to
R−→σ = r+1⊕rσ12⊕rσ23⊕rσ34 with σi = (±). (4)
Berglund and Brandhuber guessed that the chi-
ral matter coming from this geometry in M-theory
would be in the representation R−−+, but they saw
no reason why this choice was forced upon them,
and hoped a more detailed analysis would settle this
uncertainty [1].
On general grounds, unless every choice of R−→σ
is possible to engineer in M-theory, there must be
a reason why one choice is distinguished. And we
would hope that if such a choice exists, it can be
made canonically for any resolution G→ H . Does
there exist any canonical way of writing the U1-
charged components of (2) as R ⊕R? There does:
regardless of the reducibility of the representations,
we can always write (2) unambiguously as
Adj(G) = Adj(H)0 ⊕ 10 ⊕R+ ⊕R−, (5)
where the subscript refers to the sign of the U1-
charges. This suggests that, up to chirality, the res-
olution E7 → SU4 × SU3 × SU2 × U1 gives rise to
matter transforming in the representationR+++, or,
(4,3,2)1 ⊕ (6,3,1)2 ⊕ (4,1,2)3 ⊕ (1,3,1)4. (6)
To see that M-theory does indeed make this choice
of representations, we should revisit the original dis-
cussion of Acharya and Witten in [2]. They deter-
mined the representation that results from G → H
by solving the Dirac equation for the geometry’s het-
erotic dual. When R is irreducible, its U1-charge
4can be set to +1 without loss of generality, and this
was used to simplify their argument. But their con-
clusion, that for a representation with positive U1-
charge, zero modes of the Dirac operator have fixed
chirality (determined by the orientation of the fibra-
tion), holds generally3: all the modes appearing in
R+ of (5) will have the same chirality.
This answers the question raised by [1], and allows
us to proceed directly to a listing of all the represen-
tations that result in M-theory from geometrically
engineered singularities.
III. CLASSIFICATION OF ENGINEERABLE
REPRESENTATIONS IN M-THEORY
We may summarize the discussion above as fol-
lows. Massless matter charged under the gauge
group H results from isolated places where the H-
type singularity is enhanced into one of type G, writ-
ten G→ H; the groups G into which H can be en-
hanced are only those obtained by connecting one
additional node to the Dynkin diagram of H . Up
to an overall chirality, the massless matter arising
from M-theory on G → H transforms according to
the positive U1-charged components of the decom-
position of the adjoint of G into H × U1.
And so we now come to the math problem in group
theory and representation theory to list every pos-
sible resolution G→ H and determine the represen-
tation that results from each. Although this com-
putation can be worked out with the aid of known
methods [24, 25], the calculation does require rep-
resentation theory data beyond that which is tabu-
lated in common references (e.g. [3]).
For the resolutions of SUn and SO2n, the resulting
representations are listed in Table I. Resolutions of
En singularities are listed in Table II.
IV. DISCUSSION
One important consequence of the classification
presented in Tables I and II is the difficulty of find-
ing a simple three-generation model arising locally in
M-theory. Perhaps the most simple geometry would
have been E8 → E6 × SU2. This was studied in the
context of geometrically engineered N = 2 models
in type IIa in [10]. But Table II makes it clear that
this geometry in M-theory does not give three fam-
ilies, but two families and a mirror. We should re-
3 To see this explicitly, one should follow the argument in
[2], replacing the single Dirac operator acting on a mode
with charge q = +1 with a “vector” of Dirac operators in-
dexed by the U1-charges appearing in the branching (2).
After this, the analysis of massless modes goes through un-
changed for each component separately.
TABLE I: Resolutions of SUn and SO2n.
Resolution Representation
SUn+1 −→ SUn n
SUn+m −→ SUn×SUm (n,m)
SO2n −→ SUn [n⊗ n]
a
SO2(n+1) −→ SO2n 2n
SO2(n+m)
a
−→ SUn × SO2m × U1 (n,2m)1
⊕([n⊗ n]
a
,1)2
aFor m ≥ 2, with the understanding that SO4 ≃ SU2×SU2.
frain from saying that this would be ‘one net family’
because two conjugate fields can only be projected
out through a mass term in the superpotential if
there exists a (supersymmetric) three-cycle in the
manifold supporting the two singularities. In gen-
eral, we would expect that most of the chiral matter
will remain light. This does not save E8 → E6×SU2
from phenomenological impotency, however, because
a theory with a right-handed third generation is al-
most certainly incompatible with phenomenology.
Several resolutions give rise to two or more fam-
ilies, but none gives an anomaly-free embedding
of three generations alone. Perhaps the closest is
E8 → SO10 × SU3, which would give three fami-
lies, each with their own pair of Higgs doublets, to-
gether with a single exotic mirror family. The matter
content from this singularity has an SU3 anomaly,
and so there would necessarily be other Standard-
Model singlet fields, transforming under the SU3-
flavour symmetry. But of course, it would be very
hard for a model with a mirror fourth family to be
phenomenologically viable (but see e.g. [26]).
As described in the introduction, one way to get
three families alone would be to patch together
anomaly-free collections of mutually isolated coni-
cal singularities. In this way, it may be possible to
find a viable three-family model. Such a construc-
tion would naturally have large hierarchies among
yukawa couplings—potentially explaining the large
hierarchies we observe in the Standard Model.
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5TABLE II: Exceptional Resolutions.
Resolution Representation
E6 −→ SO10 × U1 161
−→ SU5 × SU2 × U1 (10,2)1 ⊕ (5,1)2
−→ SU3 × SU3 × SU2 × U1 (3,3, 2)1 ⊕ (3, 3,1)2 ⊕ (1, 1,2)3
−→ SU6 × U1 201 ⊕ 12
E7 −→ E6 × U1 271
−→ SO10 × SU2 × U1 (16,2)1 ⊕ (10, 1)2
−→ SU5 × SU3 × U1 (10,3)1 ⊕ (5,3)2 ⊕ (5,1)3
−→ SU4 × SU3 × SU2 × U1 (4,3,2)1 ⊕ (6, 3,1)2 ⊕ (4, 1,2)3 ⊕ (1, 3,1)4
−→ SU6 × SU2 × U1 (15,2)1 ⊕ (15, 1)2 ⊕ (1,2)3
−→ SO12 × U1 321
a
⊕ 12
−→ SU7 × U1 351 ⊕ 72
E8 −→ E7 × U1 561 ⊕ 12
−→ E6 × SU2 × U1 (27,2)1 ⊕ (27, 1)2 ⊕ (1,2)3
−→ SO10 × SU3 × U1 (16,3)1 ⊕ (10, 3)2 ⊕ (16, 1)3 ⊕ (1,3)4
−→ SU5 × SU4 × U1 (10,4)1 ⊕ (5,6)2 ⊕ (5,4)3 ⊕ (10,1)4 ⊕ (1,4)5
−→ SU5 × SU3 × SU2 × U1 (5,3,2)1 ⊕ (10,3,1)2 ⊕ (10,1,2)3 ⊕ (5,3,1)4 ⊕ (1,3,2)5 ⊕ (5,1, 1)6
−→ SU7 × SU2 × U1 (21,2)1 ⊕ (35, 1)2 ⊕ (7,2)3 ⊕ (7,1)4
−→ SO14 × U1 641 ⊕ 142
−→ SU8 × U1 561 ⊕ 282 ⊕ 83
aThis is the 32′ in the notation of reference [3].
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